Abstract: This paper presents the static behaviour of two-directional functionally graded sandwich beams by using the Euler-Bernoulli, Timoshenko and Reddy-Bickford beam theories and the Symmetric Smoothed Particle Hydrodynamics (SSPH) method. The SSPH code developed based on the present formulation of the functionally graded sandwich beam is validated by solving a simply supported conventional functionally graded beam problem. Numerical results which are in terms of maximum dimensionless transverse deflections, dimensionless axial and transverse shear stresses are compared with the analytical solutions and the results from previous studies. Various FG sandwich beam structures are investigated by considering different beam theories, aspect ratios (L/h) and sets of boundary conditions and using power-law distribution.
Introduction
In recent years, the use of the structures which are made of functionally graded materials (FGM) have been increasing in many modern engineering applications such as aerospace, marine, automotive, nuclear energy, biomedical and civil engineering due to varying material properties over a changing dimension which allow to enhance the bond strength through the layer interfaces, high resistance to temperature shocks, lower transverse shear stresses and high strength to weigth ratio.
Researchers have been devoted a considerable number of studies to predict and to understand the mechanics of the 1D-FGM and 2D-FGM structures structures during the last decade .
As it is seen from above literature survey, the studies related to analytical and semi-analytical solutions for the 2D-FGM structures which eliminate the inefficiency of the 1D-FGM structures to fullfill the technical requirements such as the temperature and stress distributions in two or three directions for aerospace craft and shuttles and have complex governing equations are very limited in the literature. For instance, the practical engineering applications of the 2D-FGM were presented in [32] , by using the Element Free Galerkin Method, 2D steady-state free and forced vibrations of two-directional FG beams are analysed in [33] . The elasticity solutions are proposed for bending and thermal deformations of FGBs with various end conditions by using the state-space based differential quadrature method in [34] . A symplectic elasticity solution for static and free vibration analyses of two-directional FG beams with the material properties varying exponentially in both axial and thickness direction is presented in [35] . The buckling of Timoshenko beams composed of two dimensional FGM was studied in [36] . The dynamic characteristics of the bi-directional functionally graded beams were presented by using the Timoshenko beam formulation in [37] . The static behaviour of two directional FG beams was studied by using a meshless method in [38] . Morever, the studies for the static, dynamic c 2017 BISKA Bilisim Technology and buckling analysis of the FG sandwich structures are also very limited [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . To the best of the author's knowledge, there is no reported work regarding to the static analysis of the two-directional FG sandwich beams based on the different beam theories.
The main scope of this work is to investigate the static behaviour of the two-directional FG sandwich beams based on various beam theories such as Euler Bernoulli Beam Theory (EBT), Timoshenko Beam Theory (TBT) and ReddyBickford Beam Theory (RBT) by using the Symmetric Smoothed Particle Hydrodynamics (SSPH) method.
In this paper, the elastostatic analysis of the two-directional FG sandwich beams are presented by considering several beam theories, aspect ratios (L/h), types of sandwich structures and sets of boundary conditions and using power-law distribution.
In section 2, the formulation of the basis function of the SSPH method is given. In section 3, the homogenization of material properties of the 2D-FG sandwich beam is presented. The formulation of the EBT, TBT and RBT based on the studied 2D-FG sandwich beam problems and the SSPH method are given in Section 4. In Section 5, numerical results are given for the problems with four different boundary conditions which are simply supported (SS), clamped-simply supported (CS), clamped-clamped (CC) and clamped-free (CF).
Formulation of symmetric smoothed particle hydrodynamics method
A scalar function for 1D case can be presented by using Taylor Series Expansion (TSE) as follows
where f (ξ ) is the value of the function at ξ located in near of x. The Eq. (1) can be given by employing the zeroth to sixht order terms and neglecting the higher order terms
where
The number of terms employed in the TSE can be increased to improve the accuracy depending on the order of the governing equations. However, increasing the number of terms to be employed definitely increases the CPU time and may decrease the effectiveness of the method. Determination of the number of terms mainly depends on the experience of the researcher. To determine the unknown variables given in the Q (x), both sides of Eq. (2) are multiplied with W (ξ , x) P(ξ , x) T and evaluated for every node in the compact support domain (CSD). In the global numbering system, let the particle number of the jth particle in the compact support of W (ξ , x)be r ( j ). The following equation is obtained
where N (x) is the number nodes in the (CSD) of the W (ξ , x)as shown in Figure 1 . Then, Eq. (5) can be given by
Compact Support Domain
Fig. 1:
Compact support of the weight function W (ξ , x)for the node located at x = (x i , y i ).
where F (x) (ξ , x) are the values of the function f at all particles located in the compact support of W (ξ , x) associated with point x, C (ξ , x) = P(ξ , x) T W (ξ , x) P (ξ , x) and D (ξ , x) = P(ξ , x) T W (ξ , x).
The solution of Eq. (6) is given by Q (x) = K (ξ , x) F (ξ )
where F (ξ )are the values of the function at all particles in the entire domain and K (x) (ξ , x) = C(ξ , x) −1 D (ξ , x). Eq. (7) can be also written as follows
Details of the SSPH method can be found in [49] [50] [51] [52] [53] [54] .
Homogenization of material properties
Consider a two-directional functionally graded beam namely Type A as shown in Fig 2a, which is made of a mixture of ceramic and metal, with length L, width b and thickness h. Two types of FG sandwich beams namely 2D-FG faces metal core (Type B) and 2D-FG faces ceramic core (Type C) are considered.
The rule of mixture is used to find the effective material properties at a point. According to the rule of mixtures, the effective material properties of the beam, Young's modulus E and shear modulus G can be given by
where E 1 , E 2 , G 1 and G 2 are the material properties of two constituents, V 1 and V 2 are volume fractions of the constituents. The relation of the volume fractions can be expressed as follows,
Type A: 2D-FG beam
According to the power law form, the volume fraction of the ceramic can be given by
where p x and p z are the gradation exponents (power-law index) which determine the material properties through the thickness and length of the beam, respectively, L is the length of the beam and h is the heigth of the beam. When the p x and p z are set to zero the beam becomes homogeneous. The effective material properties can be found by using the Eqs. (10), (11) and (12) as follows
Fig. 2:
The variation of elasticity modulus and geometry of a two-directional FG sandwich beam.
Type B: sandwich beam with 2D-FG and ceramic faces and 1D-FG core
The upper face of the sandwich beam is made of 2D-FG, the lower face is made of ceramic and the core is made of 1D-FG as shown in Fig. 2b . The volume fraction of the ceramic phase V
Type C: sandwich beam with 2D-FG faces and ceramic core
The faces of the sandwich beam are made of 2D-FG and the core is made of ceramic as shown in Fig. 2b . The volume fraction of the metal phase V
Formulation of beam theories
The kinematics of deformation of a beam can be represented by using various beam theories. Among them, the Euler Bernoulli Beam Theory (EBT), the Timoshenko Beam Theory (TBT) and the Reddy-Bickford Beam Theory (RBT) are commonly used. The effect of the transverse shear deformation neglected in the EBT is allowed in the latter two beam theories.
To describe the EBT, TBT and RBT, the following coordinate system is introduced. The x-ccordinate is taken along the axis of the beam and the z-coordinate is taken through the height (thickness) of the beam. In the general beam theory, all the loads and the displacements (u,w) along the coordinates (x,z) are only the functions of the x and z coordinates. The formulation of the beam theories based on the FG sandwich beams and the SSPH formulations are given below.
Euler Bernoulli beam theory
According to EBT, the displacement field is given by,
where w 0 is the transverse deflection of the beam. The axial strain which is nonzero is given by,
The virtual strain energy of the beam can be presented by using the axial stress and the axial strain as follows
where δ is the variational operator, A is the cross sectional area and σ xx is the axial stress. The bending moment can be given by,
By using Eq. (17) 
The virtual potential energy of the load q(x) is given by
If a body is in equilibrium, δW = δU + δV , the total virtual work (δW ) done equals zero and is given by.
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After performing integration for the first term in Eq. (22) twice and since δ w 0 is arbitrary in (0 < x < L), one can obtain following equilibrium equation
By introducing the shear force Q x and rewrite the Eq. (23) in the following form
By using Hooke's law, one can obtain
If the Eq. (25) is put into the Eq. (19) , it is obtained,
The EBT governing equation for a FG sandwich beam subjected to the distributed load is given by
Timoshenko beam theory
The following displacement field is given for the TBT,
where φ (x) is the rotation of the cross section. By using the Eq. (29), the non zero strains can be given by
The virtual strain energy of the beam including the virtual energy associated with the shearing strain can be written as,
where σ xz is the transverse shear stress and γ xz is the shear strain. The bending moment M xx can be used as given in Eq. (19) and the shear force Q x can be written as following 
The constituve equations can be written as follows
The bending moment M xx and the shear force Q x can be written in terms of generalized displacement (w 0 , φ ) by using Eqs. (34) and (35) M xx = b
where κ s is the shear correction factor to be used to compensate the error caused by the assumption of a constant transverse shear stress distribution along the beam thickness and
The governing equations of the TBT is given by
Reddy-Bickford beam theory
The following displacement field is given for the RBT,
where α = 4/ 3h 2 . By using the Eq. (40), the strain-displacement relations of the RBT are given by
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and P xx and R x are the higher order stress resultants can be written respectively 
The governing equations of the RBT are obtained in terms of displacements φ and w 0 as follows,
whereĀ
For the type C 2D-FG sandwich beam the followings can be writte
Representation of the governing equations by the SSPH method
Based on the EBT, the governing equation of the problem can be presented as algebraic equations by using the SSPH basis function given in Eq. (9) and replacing f (x)with w 0 (x) as follows,
The governing equations of the problem based on the TBT can be written in a similar way by replacing f (x)given in Eq. (9) with w 0 (x) and φ (x) and by using the SSPH basis functions as follows,
where A xz,x = dA xz dx . The SCF is assumed to be constant as κ s = 5/6 for the rectangular cross section. By using RBT and the SSPH basis function the governing equations can be written by replacing f (x)given in Eq. (9) with w 0 (x) and φ (x) as follows,
where 2 . The boundary conditions which are presented according to the SSPH formulation are given below.
Simply supported (SS) two-directional FG sandwich beam
The boundary conditions regarding to the EBT are given as follows,
The boundary conditions regarding to the TBT are given as follows,
The boundary conditions regarding to the RBT are given as follows,
Clamped simply supported (CS) two-directional FG sandwich beam
The boundary conditions based on the EBT are given by,
The boundary conditions based on the TBT are given by,
The boundary conditions based on the RBT are given by,
Clamped clamped (CC) two-directional FG sandwich beam
Cantilever (CF) two-directional FG sandwich beam
Numerical results
The elastostatic behaviour of the 2D FG sandwich beams are investigated by considering the EBT, TBT and RBT formulations. The numerical results are obtained by using the SSPH method for various gradation exponents, aspect ratios and boundary conditions. As far as author aware, there is no available previous results regarding to the static analysis of 2D FG sandwich beams. At first, the SSPH code is developed based on the 2D FG sandwich beam formulation and then the developed SSPH code is verified by solving a simply supported conventional FG beam problem subjected to uniformly distributed load. The results from previous studies [55] along with the analytical solutions in terms of dimensionless maximum transverse deflections, axial and shear stresses are used for comparison purposes. After the verification of the developed code, the number of nodes to be used in the problem domain for the numerical calculations is determined and extensive analysis are performed. The following non-dimensional quantities are used for the representation of the results.
Non-dimensional maximum transverse deflection of the beam
Non-dimensional axial and shear stresses of the beam:σ
Verification, comparison and convergence studies
A simply supported FG beam under uniformly distributed load is considered. The SSPH code developed for the Type B sandwich beam is employed for the numerical calculations by setting p x as zero and h 1 = h 2 = −h/2. Four types of uniformly node distributions in the problem domain x ∈ [0, 1] for numerical calculations As the weight function, the following Revised Super Gauss Function (RSGF) is employed.
where dis the radius of the CSD, his the smoothing length.
The numerical calculations are performed according to the following meshless parameters; the radius of the support domain (d) is chosen as 8 and the smoothing length (h) equals to 1.3∆ . ∆ can be defined as the minimum distance between two adjacent nodes. The meshless parameters, d and h, are selected to obtain the lowest error.
Based on the various node distributions, aspect ratios and gradation exponents, the maximum non-dimensional tranverse deflections, axial and shear stresses are obtained by using different beam theories and given in Table 1 -6 along with the results from previous studies and the analytical solution of the problem. It is clear that the results obtained by using the SSPH method agree completely with those of previous paper [55] and the analytical solution. Regarding to numerical results obtained by the EBT and TBT, the transverse deflections, axial and transverse shear stresses are almost the same with the analytical solutions as shown in Table 1 -6. And it is also obvious that the results from RBT are in excellent agreement with the results presented in [55] . Due to this agreement, the verification of the developed code is established. For the extensive analysis and the sake of accuracy, uniformly distributed 161 nodes will be used in the problem domain.
Elastostatic analysis of two-directional FG sandwich beams
Four different boundary conditions, SS, CS, CC and CF are considered respectively for the bending analysis of two directional FG sandwich beams subjected to uniformly distributed load. The maximum transverse deflections, axial and shear stresses are computed based on the various beam theories, gradation exponents and aspect ratios. 
SS two-directional FG sandwich beam
As the first example, simply supported 2D-FG sandwich beam under uniformly distributed load is studied. The maximum dimensionless transverse deflections and stresses are computed from different beam theories for various gradation exponents and aspect ratios. As it is seen form Tables 7-9, the minimum deflection value is obtained from the formulation of EBT is lowest one, as it is expected. The difference between the EBT and the other two theories is significant for thick beam (L/h=5), however for thin beam (L/h=20), it is negligible.
The computed results in terms of maximum dimensionless transverse deflections by RBT are slightly higher than the results from TBT for type A and type B. With the increasing of the gradation exponents in both directions, the deflection values are increasing. Table 9 shows that the maximum deflection value decreases as the gradation exponent increases in both directions. In figs. 3-6, the axial and shear stresses for various theories and gradation exponents in z and x directions are plotted, the aspect ratio is set to L/h=5. It is found that the axial stresses computed based on the EBT and TBT formulation are almost same. However, the results obtained based on the RBT formulation is slightly higher than the others as it is found for the problem studied for the verification of the code. Based on the calculations of sandwich beam Type A, it is clear that the maximum shear stress increases by increasing of gradation exponent in z direction whereas the maximum axial stress decreases for TBT by increasing of gradation exponent in x direction. However, the same results are not obtained for RBT. When the gradation exponent p z is set to 5, the maximum shear stress is lower than the stress obtained for the one obtained by p z =2. As it is expected, the shear stress is zero at the top and the bottom surface of the beam for RBT. It is clear that the maximum dimensionless axial stress increases as the gradation exponent in x direction increases. The maximum dimensionless shear stress increases with the increasing of the gradation exponent in z direction as it is presented in 
CS two-directional FG sandwich beam
In this example, the static behavior of a clamped-simply supported two directional FG sandwich beam under uniformly distributed load is considered. The results are given in Tables 10-12 and Figs. 7-10 for different beam theories, gradation exponents and aspect ratios. It is clear from Tables 10-12 that, the EBT underestimates the transverse deflections for a thick beam, as expected it acts more stiff than the other two beam models. However, for a thin beam (L/h=20), the difference is negligible. The computed results by RBT are again slightly higher than the results from TBT in type A and type B. As the gradation exponents in both directions increase, the transverse deflections increase for type A and type B. However, for type C, as the gradation exponent increases the transverse deflection decreases. It is found that the lowest maximum dimensionless axial stress value is obtained by the EBT formulation. However, the results obtained based on the RBT formulation are slightly higher than the other two beam theories. The computed numerical results for sandwich beam Type A show that the maximum dimensionless axial stress is obtained when the p z is set to 0. The shear stress increases by increasing of gradation exponent in z direction whereas the maximum axial stress decreases for TBT by increasing of gradation exponent in x direction. For RBT, the maximum shear stress is obtained when the p z is set to 2. As gradation exponent in z direction increase the maximum axial stress increases for type B as shown in Fig. 8 . Regarding to the calculations performed for type B, the shear stress increases as the gradation exponent increases in z direction as plotted in Fig. 10b . Again, the jumps occur for both TBT and RBT because of the material discontinuity in Fig. 10c .
CC two-directional FG sandwich beam
The dimensionless maximum transverse deflections and the axial and shear stresses of the clamped-clamped FG sandwich beams are investigated in the third example. The computed results are given in Tables 13-15 and Figs. 11-14. It is clear in that the transverse deflections increase as the power low index increases for Type A and Type B. The difference between the EBT and the other two theories is significant for thick beam (L/h=5), however it is negligible for thin beam (L/h=20). In Figs. 11-14 , the axial and shear stresses for various theories and gradation exponents in z and directions are given for a clampedclamped FG sandwich beam where the aspect ratio is set to L/h=5. The computed axial stresses for the EBT and TBT formulation are almost same. However, the results based on the RBT formulation are slightly higher than the two beam theories. Based on the calculations of sandwich beam Type A, it is clear that the maximum axial stress increases by decreasing of gradation exponent in x direction whereas the maximum shear stress decreases for TBT by increasing of gradation exponent in z direction. It is interesting that the maximum shear stress value is obtained by the RBT formulation when the p z is set to 2. As it is expected, the shear stress is zero at the top and the bottom surface of the beam for RBT for all types of sandwich beams. For type B, the axial stress increase as the gradation exponent increase in x direction as plotted in Fig. 12 . Because of the symmetry in Type C, the axial and shear stress values are symmetrical according to the midplane of the beam. The maximum dimensionless shear stress is obtained for RBT beam as it is Fig. 14b for Type B. Computed results show that in Fig. 14c , the shear stress increases as the gradation exponent in z direction increases. The jumps are still available based on the material discontinuity.
CF two-directional FG sandwich beam
Finally, the results of elastostatic anaylsis of the clamped free 2D-FG sandwich beam under uniformly distributed load are given in this example for varios beam theories, gradation exponents and aspect ratios. As it is seen from Tables 16-17, the transverse deflections increase as the gradation exponent increases. The results presented in Table 18 show that the deflections decreases by increasing of the gradation exponent for both directions. Due to the higher stiffness, the dimensionless maximum taransverse deflections values computed based on the EBT are smaller than the ones obtained by TBT and RBT for the aspect ratio set to 5. However, the computed results are very close to each other when the aspect ratio is set to 20. To obtain more accurate results for the EBT, the smoothing length (h) is set to 1.5∆ for the problem studied here. The dimensionless axial stress increases as the gradation exponent in x direction increases for type A and type B as shown in figs. [15] [16] . And also it is clear that the difference in terms of maximum dimensionless axial stress value is almost negligible for all beam theories as plotted in figs 15-17. Based on the numerical results obtained for Type A, the maximum shear stress is obtained for TBT as presented in fig. 18a . The material changings are visible through the thickness as shown in Fig 18b. The maximum shear stress values are obtained for the maximum gradation exponent in z direction. As it is seen in fig. 18c , the shear stress value increases with the decreasing of the gradation exponent in z direction. 
Conclusion
The static behaviour of the two directional functionally graded sandwich beams subjected to different sets of boundary conditions and uniformly distubuted load are investigated by employing the SSPH basis functions and using strong formulation of the problem. The EBT, TBT and RBT formulations are developed regarding to different types of two directional FG sandwich beams to evaluate the transverse deflections, axial and shear stresses. The verification of the developed code is established by solving a conventional FG beam problem and comparing numerical solutions with the results form previous studies and the analytical solutions. The numerical calculations are performed by using 161 nodes uniformly distributed in the problem domain and by employing 7 terms in the TSEs. Various types of sandwich beams are considered. It is clear the results obtained based on the TBT formulation can be more close to ones obtained based on the RBT formulation by choosing the more accurate shear correction factor which depends on the geometry, material properties, loading and boundary conditions. It is found that the SSPH method provides satisfactory and expected results at least for the problems studied here. Based on the results obtained within the scope of the study, it is recommended that the SSPH method can be applied for solving linear two directional functionally graded sandwich beam problems by employing different shear deformation theories and strong form formulation.
